The spectrum of a bound state of three identical particles with a mass m in a finite cubic box is studied. It is shown that in the unitary limit, the energy shift of a shallow bound state is given by ∆E = c(κ 2 /m) (κL) −3/2 |A| 2 exp(−2κL/ √ 3), where κ is the bound-state momentum, L is the box size, |A| 2 denotes the three-body analog of the asymptotic normalization coefficient of the bound state wave function and c is a numerical constant. The formula is valid for κL ≫ 1.
INTRODUCTION
Strong interactions between two particles can be studied in ab initio lattice simulations, like for hadron-hadron scattering in Quantum Chromodynamics or dimer-dimer scattering at ultracold temperatures. At present, Lüscher's approach [1] represents a standard way to study two-body scattering observables on the lattice. In its original form, this approach relates the two-particle scattering phase in the elastic region to the measured energy spectrum of the Hamiltonian in a finite volume. In the literature, one finds different generalizations of the Lüscher approach. For instance, the approach has been formulated in case of moving frames [2] , (partially) twisted boundary conditions [3] and for coupled-channel scattering [4] (for a recent application of this approach to the analysis of the two-channel case on the lattice, see Ref. [5] ). A closely related framework based on the use of the unitarized ChPT in a finite volume has been also proposed [6] . Further, a method for the measurement of resonance matrix elements and form factors in the time-like region has been worked out [7] . Note, however that all these generalizations explicitly deal with two-body channels. Studying a genuinely three-body problem in a finite volume has proven to be a far more complicated enterprise and, albeit there have been several attempts to solve this problem in the last few years [8] [9] [10] [11] [12] [13] , the method is still in its infancy. On the other hand, recent progress on the lattice, related to the study of the inelastic resonances such as the Roper resonance [14] , and of the properties of light nuclei [15, 16] , indicates that the generalization of the Lüscher method to the multi-particle (three and more) systems is urgently needed.
The main obstacle that one encounters in generalizing Lüscher's approach from two to three particles has a transparent physical interpretation. In the center-ofmass (CM) frame, the two-body scattering can be considered as a scattering of one particle in a given potential. If this potential has a short range (much smaller than the box size L), then the scattering wave function at the boundaries will depend only on the scattering phase shift in the infinite volume and, therefore, the discrete spectrum in a finite box will be determined by this phase shift only. In other words, the spectrum in a large but finite box does not depend on the details of interaction at short distances. This is not so obvious in case of three particles. In this case, each pair of particles can come close to each other and be still separated from the third one by a large distance of order L. It took a certain effort to prove that, despite the fact that such configurations are allowed, the finite-volume spectrum is still determined solely by the infinite-volume S-matrix elements and does not depend on the short-range details of the interaction [8] , see also Refs. [9, 10] . For instance, in a recent paper [9] the authors succeeded in deriving a quantization condition for the three-particle spectrum in a finite volume. It has a quite complicated structure, in particular, due to the fact that the infinite-volume amplitudes that enter this condition are defined in a unconventional manner (the necessity of such a definition has been pointed out already in Ref. [8] ). For this reason, it is not an easy task to use this quantization condition for the analysis of lattice data -in fact, we are not aware of a single explicit prediction for the volume dependence of physical observables except for the ground-state shift of identical particles [17] , which were done in this formalism so far [23] . Note also that in Ref. [13] , in the framework of the non-relativistic EFT, It has been explicitly demonstrated that carrying out the renormalization in the infinite volume leads to the cutoffindependent three-particle bound-state spectrum in a finite volume that is equivalent to the statement that this spectrum is determined by the S-matrix elements in the infinite volume.
The aim of the present paper is to obtain such an explicit volume dependence for the physical quantity which, in our opinion, is the easiest to handle. In particular, we consider shallow bound states of three identical particles in the unitary limit. This means that the two-body scattering length a tends to infinity and the corresponding effective range is zero. The three-body bound-state momentum κ, which is related to the binding energy E T through E T = κ 2 /m, is much smaller than the particle mass m or the inverse of the interaction range. Still, we consider large boxes where κL ≫ 1. Our treatment of the three-body bound state is not based on the quantization condition derived in Ref. [9] , but closely follows the two-body pattern of Ref. [18] (see also [12, 19] , where, in particular, the result of Ref. [18] is generalized to the case of an arbitrary angular momentum). For this reason, our explicit result provides a beautiful testing ground for the general approach formulated in Ref. [9] and helps to better understand its structure. On the other hand, our result can be immediately verified through numerical calculations in a finite volume similarly to those carried out, e.g., in Ref. [13] that provides an additional check on the theoretical framework.
DERIVATION OF THE FORMULA FOR ENERGY SHIFT
We start from the Schrödinger equation for three identical particles in the infinite volume
where ∇ i = ∂/∂r i and the Jacobi coordinates are defined as
with (ijk) = (123), (312), (231). Here, for simplicity, we assume that no three-body force is present. The inclusion of the latter can be done in analogy with Ref. [8] .
In a finite volume, the potential V is replaced by a sum over all mirror images
and the Schrödinger equation takes the form
In the CM frame, the bound-state wave functions ψ, ψ L depend on two Jacobi coordinates x i , y i . For three identical particles, ψ(x i , y i ) = ψ(x k , y k ) , i, k = 1, 2, 3 and similarly to the finite-volume wave function ψ L . In order to evaluate the finite-volume shift ∆E = E T − E L , in analogy to Ref. [18] , we define in the CM frame the trial wave function (we choose i = 1 from now on)
, it can be straightforwardly checked that ψ 0 obeys the equation
Since the potential V (x) has a short range, the quantity exponentially η vanishes at a large L, η ∝ exp(−const · κL). Further, applying perturbation theory, it can be verified that, to all orders, the energy shift is given by
where
Since the quantity η is exponentially suppressed at a large L, the leading exponential correction to the energy shift is given by (cf. with Ref. [18] )
Note that in Ref. [12] this formula in case of more than two particles was given without derivation. A detailed derivation in case of two particles is given in [19] . In the next step, one substitutes the expression for η from Eq. (6) into the above expression for the energy shift and picks those terms that give a leading exponential contribution at large L. Taking into account the fact that the argument of the exponent in the infinite-volume wave function ψ(x 1 , y 1 ) is proportional to the hyperra-
, one has to minimize the sum of two hyperradii, coming from two wave functions in the overlap integral. Finally, the expression of the energy shift at leading order takes the form
where e = (0, 0, 1) denotes a unit vector and the ellipses stand for the exponentially suppressed terms. In this formula, the infinite-volume wave function ψ is normalized to unity. The factor in front of the integral reflects the symmetries: 6 for different orientations of the unit vector e, 2 for different signs in the second argument of the wave function y 1 ± 1 √ 3 eL, and 3 for three different pair potentials.
EVALUATION OF THE ENERGY SHIFT
In order to evaluate the overlap integral that defines the leading order energy shift, an explicit expression for the bound-state wave function should be supplied. Only the asymptotic tail of the wave function matters, since the finite-volume spectrum is uniquely determined by the S matrix elements in the infinite volume [8] . Here, we shall be working in the unitary limit. In the context of the lattice this means that the two-body scattering length a ≥ L, i.e., even at the box boundaries, the hyperradius R ≤ a. On the other hand, we assume that the interaction range is much smaller than L. Under these assumptions, almost everywhere in the configuration space, the wave function can be approximated by the well-known universal expression (see, e.g. [20] )
and K ν (z) denotes the Bessel function. Here, α i = arctan(|x i |/|y i |) are Delves hyperangles and the numerical constant s 0 ≃ 1.00624 is the solution to the transcendental equation
Further, N is the normalization coefficient of the exact asymptotic wave function in Eq. (12), so that
Evaluating the integral explicitly, one gets
Finally, the quantity |A| 2 denotes a three-body analog of the asymptotic normalization coefficient for the wave function. It encodes the information about the shortrange dynamics in the system. Namely, if in the creation of the bound state the the long-range effects dominate, it is expected that the quantity |A| 2 is close to one [24] . Next, we evaluate the overlap integral in Eq. (11) by using the explicit wave function from Eq. (12) . In analogy to Eq. (12), the second wave function in the integral can be written as
as L → ∞,
whereas the angular variables tend to the following limiting values:
The expansion of the angular part of the second wave function yields
Using the Faddeev equation
the expression for the overlap integral in the hyperspherical coordinates can be rewritten as
Here, we have used the asymptotic expression for the hyperradial wave function
Integrating by parts and averaging over solid angles with the use of the following formula,
we arrive at the final result
and the ellipses stand for the sub-leading terms in L, both exponentially and power-suppressed ones. Note that this behavior qualitatively agrees with the result given in Refs. [13] , albeit a more detailed numerical study of the problem is needed.
CONCLUSIONS
The equation (25) is an explicit prediction of the volume dependence for a genuine three-body observable. This dependence can be readily verified by using numerical methods that represents a highly non-trivial check of the whole approach. Moreover, understanding the present result in the more general context of the threebody quantization condition, one may gain insight into the complicated three-body formalism. In view of the recent progress in the study of inelastic resonances and nuclei in lattice QCD, this kind of information will be very important.
As mentioned above, the present result is valid within certain approximations. In the future, we plan to go beyond these approximations. For example, the next step could be to study the effects of the partial-wave mixing in the three-particle systems as well as the effects of a finite scattering length and interaction range. Further, it would be extremely interesting (and much more challenging) to address the observables from the scattering sector as well.
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